Abstract-An outstanding problem in the behaviour of the Zeta plasma is the origin of the fluctuations of density; it has been shown experimentally that they do not arise directly from the observed turbulent motions of the plasma, and there is no known instability which can produce them directly. It is proposed that they arise as a by-product of resistive instabilities through their action in cross-connecting lines of force belonging to magnetic surfaces at different radii. This idea is developed quantitatively and it is shown that it predicts fluctuation levels in reasonable agreement with experiment. This result is interpreted as giving support to the 'tangled discharge' model of the Zeta plasma.
INTRODUCTION
SPONTANEOUS random fluctuations in the Zeta discharge have been described by RUSBRIDGE, LEES and SAUNDERS (1962) and by ROBINSON and RUSBRIDGE (1971) .
At low frequencies (1-10 kHz) they consist of random helical (m = 1) distortions of the entire current channel of relatively small amplitude ( S& of the discharge tube radius). At frequencies 2 10 kHz they are localized in radius with transverse length scales -5 cm and correspondingly high m-number, though remaining highly anisotropic and greatly elongated along the local magnetic field. These fluctuations were interpreted in terms of a model of two-dimensional M.H.D.
turbulence by ROBINSON and RUSBFUDGE (1971) . This model appears to be qualitatively successful when applied to fluctuations of magnetic and electric fields; the latter represent the random plasma velocity, assuming the relationship 8+ C A B = 0, (1.1) while the former arise from the convection and twisting of the magnetic field by these random plasma motions, modified by the effects of finite plasma resistivity (ROBINSON, RUSBRIDGE and SAUNDERS, 1968) .
It is natural to assume that the same motions will produce density fluctuations by convection in the presence of a gradient of mean density. In fact, although large fluctuations of density are observed in the same frequency range and with a similar spatial scale as the magnetic field fluctuations, it has been shown that they cannot originate in this way. The evidence is given by ROBINSON and RUSBRIDGE (1969) and is summarized in Section 2 of this paper. It is shown that these density fluctuations arise instead from motions along the magnetic field lines. There is no known instability which could give rise to such motions directly in the conditions of the Zeta discharge; in this paper I propose that they arise as a by-product of resistive instabilities which produce reconnections of magnetic field lines and thus break open the magnetic surfaces of the mean magnetic field. Such a picture leads to the 'tangled discharge' model which was introduced to account for the generation of reversed axial field at the discharge edge (RUSBRIDGE, 1977) .
In Section 3, I describe the tangled discharge model and show how it can lead to the generation and growth of density fluctuations. In Section 4, I obtain expressions giving the resulting fluctuation level and its radial distribution, and point out that the qualitative features of these expressions agree well with observation. This is confirmed by the numerical solutions, which are compared with experiment in Section 5. Finally in Section 6, I discuss the implications of the results for plasma loss.
In this paper the fluctuating part of a quantity is denoted by a tilde, so that the instantaneous pressure, for example, is given by where p is the mean level. We also use the notation p for the r.m.s. level, i.e.
where the angular brackets denote ensemble averages.
DENSITY FLUCTUATIONS IN ZETA
I shall first summarize the observed properties of these fluctuations. As I noted above, the scale length is -5 cm and typical frequency 210 kHz. The relative amplitude is large: values up to 25 per cent have been observed, which may be compared with 1-2 per cent typically for the magnetic field fluctuations in the same frequency range. It is strongly dependent on discharge conditions and in particular on the filling pressure, falling by a factor of 5 as the pressure is increased from 0.5mtorr to 5mtorr (ROBINSON and RUSBFUDGE, 1969) . The absolute (not relative) fluctuation level is approximately constant over most of the discharge and falls only within about 10 cm of the wall; in particular, there is no minimum on the axis.
Let us now consider the evidence that these density fluctuations do not arise from the observed transverse motions. It is clear that these motions cannot compress the plasma since the magnetic field strength would then change in proportion to the density (as in, say, a compressional AlfvCn wave), which is not observed. (ROBINSON and RUSBIUDGE (1969) show that, on the contrary, the fluctuations of magnetic field strength are consistent with the constancy of the total pressure p + B2/87r.)
The only other possibility is that the density fluctuations arise from convection in the presence of a density gradient. In this case the fluctuation level would be given by dii dr
where gr is a typical radial displacement which cannot be larger than the transverse scale length A,. Then, while such convective fluctuations could reach a relative level given by fi A,
where R is the discharge tube radius, they would on the axis where. dii/dr = 0. always show a deep minimum In addition, we note that for fluctuations generated by convection, the correlation function with a time delay included should spread with increasing delay; this spreading represents the convection of the fluctuations themselves by the transverse motions which gave rise to them. This spread was easily observable for magnetic field fluctuations but could not be detected for density fluctuations RUSBRIDGE, 1971, 1969) .
Finally, it may be shown that since transverse motions can only enhance the density on one field line by depleting it on some neighbouring field lines, the density correlation function measured normal to the magnetic field must change sign at separations >A,. No change of sign was observed. ROBINSON and RUSBRIDGE (1959) concluded that the density fluctuations could only arise from compression of the plasma by longitudinal motions. Unfortunately, such motions could not be observed directly; nor could the probes be separated far enough along the magnetic field to measure the longitudinal correlation All or to check that the longitudinal correlation changed sign for separations 2 A,, as this interpretation would require. Finally, we note that while the contribution from longitudinal motions must be dominant, the experimental accuracy is not such as to preclude a small contribution (say 510 per cent) from transverse motions. In this connection, ROBINSON and RUSBRIDGE (1969) attempted to measure the correlation between density and electric field fluctuations, from which the turbulent radial flux of plasma may be obtained. They could only put an upper limit of -10 per cent on the size of this correlation, though they pointed out that even this would be sufficient to account for the loss rates established by BURTON and WILSON (1961) . The poor correlation between density and electn'c field suggests that the correlation between density and potential may have been good; no direct measurements of this correlation were made.
T H E 'TANGLED DISCHARGE'
This model has been described in detail by RUSBRIDGE (1977) . The essential feature is that magnetic lines of force, instead of being confined to well-defined nested toroidal magnetic surfaces, are reconnected as a result of resistive instability and so wander randomly from surface to surface; if followed for long enough, a single line of force will fill the entire magnetic field configuration ergodically. If one then assumes that the discharge is force-free so that the current density is always parallel to the magnetic field, it can readily be shown that the selfconsistent average magnetic field configuration is the so-called Bessel function model (LEES and RUSBRIDGE, 1960) ; the same result has been obtained from more general considerations by TAYLOR (1974) . However, RUSBRIDGE (1977) suggested that current would not in fact follow the lines of force exactly, but would be randomly exchanged between adjacent field lines. On this basis a range of average magnetic field configurations was generated, parametrically dependent on the level of random current exchanges, with the Bessel function model as one extreme. The aim was to explain the reversal of magnetic field at the edge of the discharge observed experimentally, and indeed most of the configurations generated show this feature.
The model was set up in terms of tubes of force rather than lines of force, with the idea that the size of a tube should be identified with the observed transverse correlation length -5 cm. The unrelated paths followed by tubes which at a particular point happen to be neighbours will automatically give rise to substantial differences of potential between them. Since in general the plasma at the tube boundaries will not be moving at a velocity satisfying equation (l.l), transverse current will flow between the tubes for as long as they remain in contact or until the plasma is accelerated to the local EIB velocity. This is the origin of the random current exchanges introduced above; and since the current is ultimately driven by the externally applied electric field, the random stirring forces thus applied to the plasma provide a mechanism for the direct coupling of the external circuit to the plasma turbulence which was found to be necessary to explain the energetics of the Zeta discharge (RUSBRIDGE, 1969). It is assumed that reconnection occurs continually so that any given configuration of tubes has a finite lifetime. If we imagine the reconnection process turned on at an initial instant, the first cross-connections formed will join portions of plasma at different radii and therefore in general with different densities. Plasma will flow along the tubes through the cross-connections and begin to build up random differences in density. Subsequent reconnections will join together portions of tubes with densities differing both because they are at different radii and because they contain uncorrelated density fluctuations. The longitudinal velocity in the reconnected portions will also be different, in general, and will compress or rarify the plasma between them, thus further enhancing the level of density fluctuations. Thus the fluctuation level will rise by a 'random walk' process until limited by dissipation; we shall find that viscous damping is the dominant dissipative process.
In this way the tangled discharge model leads to the coupling of the radial mean density gradient to longitudinal random motions and so to density fluctuations. Furthermore, the wandering of the tubes in radius makes the process non-local, so that a significant fluctuation level will be generated even at the centre where the mean pressure gradient vanishes.
Clearly, maxima or minima of potential and density will coincide, both being related to the tube structure. The typical motion generated will therefore be a rotation of the tube itself; such motions will not convect the density peaks and no spread of correlation with increasing time delay would be expected. This mechanislli therefore can potentially account for all the qualitative features of the density fluctuations described in Section 2; it remains to express these ideas quantitatively for comparison with experiment.
D E V E L O P M E N T OF T H E M O D E L
We envisage the discharge to be composed of an array of separate tubes of force, each composed of successive segments of length A,, and diameter A,. Each segment lies along the direction of the local average magnetic field; at each end of a segment it is linked, inwards or outwards at random, to another segment displaced in radius by A,. The structure of these cross-connections is ignored. A given arrangement of segments lasts only for a given fixed time 7 after which a completely new set of cross-connections is formed, to link segments which were previously unrelated. 
where CL is the normal component of the velocity. (We assume a local Cartesian coordinate system with one axis along the magnetic field; I is the coordinate along this axis.) We shall assume that this normal component is due entirely to collisional diffusion. Since this acts to smooth out fluctuations of density, it may be represented as a damping term:
finally, we assume the pressure and density to be related adiabatically and we use this relation to eliminate the fluctuating density, obtaining the pressure equation in the form d dl where, since only the parallel velocity is now included, we have div=-. We now set giving where c, = ( p /~) "~ is the characteristic sound speed. In these equations, it is important that p1 and p1 represent the total pressures in segments 1 and -1, not merely their fluctuating parts. Now, if the changes AC,AP during one switching period T are small, we may set quantities on the r.h.s. of these equations equal to their average values during this period; for example, we replace p1 by (p, +$Apl) where p1 is now taken to be constant. We can then integrate the equations over the time T to obtain It can be shown that provided v'o/c, is of the same order as Po@, a plausible assumption which the results will confirm, the condition ACo<<Co is satisfied as long as yc:~~/4A~f<< 1 and &T<< 1. The corresponding equation for APo also requires Pp7 << 1.
Then over times long compared with T, CO is given by the Langevin equation
( "ip-') is a random force of square wave form and P =-where F, = ---
~A I ?
e 2 4 The force is constant over an interval T and then changes discontinuously to a new randomly chosen value; for such a time variation, the auto-correlation time is $T.
We find similarly that Po is given by
YP 241
where Fp = --(Cl-kl). We need only the statistically steady-state solution of these equations in which ii, fi become stationary random variables so that F, and Fp are also stationary. By standard methods we find that in the limit t+= we reach a steady state satisfying In these equations, numerical estimates show that pu and pp are normally c c p ; they must be retained, however, as the terms in P eventually cancel identically. The quantities ( F : ) and (F:) are evaluated in the Appendix. In the evaluation we must allow for the displacement in radius between segments 1, 0, and -1; this, in particular, gives rise to a contribution to (F:) from the mean pressure gradient, which is thus the source of the fluctuations.
It is convenient to define the quantities Q = (C2)/ct and $ = (P2)/p2. Using the results of the Appendix, equations (4.5) may be written
where r = 7 and 9 is a differential operator given by
z= I+---
+-h,2-
to order AL2/R2 where R is the discharge tube radius.
In these Equations r has been assumed constant. This cannot be strictly correct since r a (Ti + Te), but the electron temperature varies only weakly with radius (RUSBRIDGE, 1969) , and in the absence of any other information we shall assume the same to be true for the ion temperature.
We now assume pp << p and use the identity 2/3 = yT to obtain from the second of equations (4.6)
which confirms that C/cs is of the same order as fi/p since the leading term in 8 is unity.
Since U' is not directly observable, we eliminate SZ from equations (4.6), and after some algebra obtain the result (4.7)
where the 1.h.s. is correct to order AL2/R2, but terms of order AL4/R4 have been retained on the r.h.s. because the AL2/R2 terms vanish on the axis. In this equation, the r.h.s. represents the effect of cross-connections in linking regions of plasma with different mean pressures. The operator appears because the source generates only velocity fluctuations directly, and these influence pressure fluctuations over a range of radii. On the l.h.s., the first two terms represent spatial diffusion of the fluctuations arising from cross-connections, and the third represents collisional damping. We have implicitly assumed that (p, + P,)/p is of order AL2/R2; if it is significantly larger, the diffusion terms may be neglected and the fluctuations become purely local.
Solutions to this equation can reproduce qualitatively the behaviour observed experimentally. For example, although the source term is approximately independent of filling pressure, the collisional damping terms will in general increase with filling pressure and the fluctuation level will fall. Also, if the collisional terms are small enough, the spatial diffusion will smooth out the radial distribution of the fluctuations, and in particular will fill in the minimum on the axis which appears in the source term.
One obvious boundary condition is that $ should be finite on the axis; and I shall assume also that $ = 0 at r = R. Since + represents the relative fluctuation level this condition is not obvious; indeed some experimental evidence suggests that in the low density region near the wall the fluctuation level may be close to 100 per cent, i.e. $-+ 1. However, the choice + = 1 at r = R seems to imply an effective source of fluctuations at the wall which would be unphysical, and in some circumstances could lead to unphysical values of $> 1 elsewhere. It is safer to choose $ = 0 which always implies a fluctuation sink at the wall, and will at worst yield a lower limit to the true value of $.
For p, and P, I use the expressions
where D, is the collisional diffusion coefficient normal to the magnetic field, and uL the normal component of ion kinematic viscosity given by where Vei is the ion thermal speed, T~~ the ion-ion collision time, and oci the ion cyclotron frequency. Numerical estimates show that pu >> pp under all the conditions we consider, and the following section p, will be neglected.
. NUMERICAL RESULTS AND COMPARISON WITH EXPERIMENT
We first consider equation (4.7) in two limiting cases. If >> AL2/R2 we can neglect the diffusion terms, approximate the source term as AL2/R2, and obtain the order-of-magnitude relationship from which the level of pressure fluctuations may be obtained as
I -On axis
This expression illustrates the dependence of the results on the parameters of the model, and, in particular, the effect of the poorly-known parameters A,,, T and Ti.
The uncertainty in All is particularly serious; this quantity could not be measured directly but was inferred from other measurements whose interpretation is not completely clear (ROBINSON, RUSBRIDGE and SAUNDERS, 1968) . I shall assume All/A,=10 which is consistent with these measurements as far as they go.
Fortunately the uncertainty in T and Ti is less serious since the result depends less strongly on these quantities. With these uncertainties, there is little point in solving equation (4.7) to high accuracy, and I shall give only the results of illustrative calculations in which a particularly simple and analytically convenient form for the mean pressure distribution is assumed:
-On axis ---Maximum where a=1.4fits the experimental results best. (Relevant data are given by RUSBRIDGE, 1969 .) This is not a bad approximation over much of the discharge although it fails near the wall.
With this approximation we can find an analytic solution in the opposite limit when P,/P is negligible. Ignoring terms of order AL2/R2 we find to say the quantity evaluated is where E is the mean density at a given radius and . the density on the axis.
Consider, for example, the discharge conditions discussed in detail by Rus-BRIDGE (1969): the gas current was 150kA, the filling pressure 0.5mtorr of deuterium gas, and the initial axial field was 370 Gauss. In these conditions the central plasma density was 4 x 1013 ~m -~, the electron temperature 16 eV, and the ion temperature is estimated as 32 eV. The discharge radius R is 50 cm; A, is taken to be 5 cm, All 50 cm, and T is estimated as s. In these conditions PJP is about 0.045 on the axis. The predicted central fluctuation level from Fig. 1 is 18 per cent, which may be compared with the observed value of 25 per cent. can be recognized in equation (4.7) are realized in the range of conditions covered in the Zeta experiment, and the model can satisfactorily account for all the evidence described in Section 2.
. DISCUSSION AND CONCLUSIONS
( a ) Plasma confinement
The plasma loss in Zeta is normally considered to arise from the transverse motions of the plasma, as suggested by GIBSON and MASON (1962) . The present model, strictly interpreted, would allow no loss due to transverse motions, i.e. (nu,) = 0. Instead it suggests a mechanism of plasma loss by longitudinal motions which lead to random radial displacements through the random tube structure. To estimate the loss rate, we note that if CI1 is a typical longitudinal velocity, a fraction Cl,r/Al, of the contents of each segment flows out of it during the time r and is displaced in radius by A,. Thus the mean radial step of the plasma is A,C1lr/All and the diffusion coefficient is In the experimental conditions described above with filling pressure 0.5 mtorr, this leads to a confinement time of 1.7msecY compared with an experimental value of about 270 ps as estimated by extrapolation from the results of BURTON and WILSON (1961) . This contribution to the plasma loss is therefore rather small. The dominant mechanism of loss must be the transverse motions; as we have seen, a contribution of -10 per cent would be sufficient and could not be excluded by the observations. The confinement time derived from equation (6.1) scales approximately as AI?.
The estimate given above is therefore very uncertain; but more importantly, this shows that rapid loss of plasma is not an inherent feature of the tangled discharge model, and a discharge conforming to this model could in principle have the desirable feature of magnetic self-reversal combined with a plasma loss-rate significantly smaller than that observed in Zeta.
At sufficiently high temperatures, however, we expect p,,/p to be negligible; then 4-1, 81f -c: , and equation (6.1) indicates an unfavourable scaling of confinement time inversely as the temperature.
(b) The specific heat ratio It has been implicitly assumed above that y = 5/3. However, direct measurements of the quantity d In TJd In n, which for adiabatic compression should be ( y -l), show that this value is actually attained only at low values of the quantity 12/p where p is the plasma mass density and I the gas current (ROBINSON and RUSBRIDGE, 1969). The apparent value of y falls with increasing 12/p and may become 4 , so that temperature and density are negatively correlated. This suggests that the temperature fluctuations are dominated by Ohmic heating rather than adiabatic compression, with regions of low density heating up faster than those of higher density. According to RUSBRIDGE (1969) the energy loss is mainly due to thermal conduction along the magnetic field; the energy replacement time is about 40 ps, so that substantial heating must take place during the assumed 10 ps segment lifetime. Clearly a full description of the fluctuations must include the heating process. In the present paper, however, consistency requires that we use the value y = $.
( c ) Application to other devices
The process described here should occur in any slow reversed-field pinch (RFP) experiment. So far, Zeta is the only device to have been investigated in sufficient detail; most other toroidal pinch devices are fast, and the 'tangled discharge' configuration probably does not have time to establish itself. A quantitative test of these ideas should be possible in devices now under construction, listed by ORTOLANI (1979) .
( d ) Conclusions
Within the limitations both of the model and of the experimental data, the tangled discharge model satisfactorily describes the main features of the observations of density fluctuations in the Zeta discharge. This agreement provides evidence that the model corresponds to some real physical structure in the discharge.
